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Abstract
Perfetoid versions of Abel Jaobi and Reimann Roh Theorem are proved, and
perfetoid Ellipti Curve is onstruted. A Perfetoid Tate Curve is dened and its
ohomology omputed via a

Ceh omplex. Furthermore, perfetoid Theta funtion
and Weierstra series are also dened and suitably interpreted.
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1 Introduction
The story begins by onsidering power series of the form given in (1) with oeÆients in
the perfetoid eld K denoted by K 〈X〉∞. Perfetoid elds are dened in [Sholze, 2012℄
and most foundational details an found in [Kedlaya, 2017℄.
(1)
∑
n>0
anX
n, n ∈ Z[1/p] and |an|→ 0 as n→∞
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The above omes equipped with a Gauss norm, the valuation ring R = {a ∈ K : |a| 6 1},
a maximal ideal m = {a ∈ K : |a| < 1} and the residue eld k = R/m. Let R denote the
restrited ring with
|f| 6 1 (Gauss Norm). The elements of the series an be ordered by
observing the ountability of rationals.
The redution map takes power series and onverts them into polynomials
(2)
π : R→ k
π : R 〈X〉∞ → k[X,X1/p, . . . , X1/pi , . . .]
f 7→ f˜
In partiular g ∈ K 〈X〉∞ is a unit i its redution is a unit g˜ ∈ k×. All the standard
properties of Tate Algebras as desribed in [Bosh, 2014, pp 15℄ hold here, and have been
proved in [Bedi, 2018℄. The above helps us dene order of a power series (analogue of
degree of polynomials).
Definition 1.1. A power series g ∈ K 〈X〉∞ with |g| = 1 is distinguished of order s i its
redution is of the form
(3) g˜ = a0 + . . .+ aiX
j/pi + . . .+ asX
s, ai ∈ K
×, s ∈ Z[1/p]
Theorem 1.2 (Weirstra preparation theorem). Let g ∈ K 〈X〉∞ of order s, then there is
a unique moni polynomial h of degree s suh that g = uh where u is unit in K 〈X〉∞.
Notie that an element g ∈ K 〈X〉∞ has only nitely many zeros, sine h in the theorem
above an be made into a polynomial with integer degrees by a hange of variable. For
example X5 + X1/p
2
has degree 5p2. Thus, for any polynomial look for the minimum
power whih would be of the form a/pi (i = 0 for integer) and then hange the variable
X1/p
i
7→ X. The result is the key to doing algebrai geometry on perfetoid spaes. Start
with series, do the omputations and redue to polynomial forms whenever one wants to
talk about zeros or poles.
2 Perfectoid Abel Jacobi Theorem
Definition 2.1. Given a point α ∈ K we dene ordαg as the highest power of ϕα(X) to
divide h, where ϕα(X) is the irreduible polynomial of α over K.
Put ordα(0) = +∞ and obtain an additive valuation g 7→ ordα(g) ∈ Z[1/p], this an
be extended to rational funtions of the form f = g1/g2 with gi ∈ K 〈X〉∞. The rational
funtions would also be alled meromorphi funtions.
The numbers ordα(f) satisfy the following:
1. [Finiteness Condition℄ There are only nitely many α with ordα 6= 0 in every region
0 < r 6 |α| 6 r ′.
2. [Rationality Condition℄ If α and β are onjugate over K, ordα = ordβ (share the
minimal polynomial).
2
The olletion {ordα(f)} is alled the divisor of f. The olletion {mα}, α ∈ K
alg
with
mα ∈ Z[1/p] satisfying the above onditions is alled a divisor with omponent wise addi-
tion and thus forms an additive group.
Given a divisor of the form
∑
imαi [αi], with nitely many αi, the orresponding fun-
tion f with Div(f) =
∑
imαi [αi] is given as
(4)
∏
|αi|61
(
1−
αi
X
)eαimαi ∏
|αi|>1
(
1−
X
αi
)eαimαi
where eα degree of separability of α over K, we an ombine the onjugates and get
(5)
(
ϕα(X)
Xnα
)mα
if
|α| 6 1 and
(
ϕα(X)
a0
)mα
if
|α| > 1
where nα = [K(α) : K] and a0 = NK(α)/K(α) as in [Roquette, 1970, pp 11-12℄. Closely
following [Roquette, 1970, hapter 1℄ one ould adapt to the ase of q ∈ Z[1/p].
A meromorphi funtion on Kalg has period q if it satises the funtional equation
f(q−1X) = f(X), these funtions form a subeld denoted as FK(q) and alled ellipti funtion
eld over K. If a funtion is q periodi then Div(f) is q periodi too. The non-zero
meromorphi funtions f an be determined by Div(f) upto a funtion of the form cXd
with c ∈ K× and d ∈ Z[1/p], this helps dene theta funtions
(6) f
(
X
q
)
=
(−X)df(X)
a
where a ∈ K×, d ∈ Z[1/p]
where d is alled degree of f and a is alled multipliator of f. If another funtion f satises
Divg = Divf it beomes a theta funtion with same degree as f
(7) g
(
X
q
)
=
(−X)dg(X)
aqk
, k ∈ Z[1/p]
and its multipliator diers by a power of q. Thus, d is uniquely determined by the divisor
(say d = Divf = Divg). The degree is uniquely determined as
(8) degq d = d.
The multipliator a is uniquely determined upto a power of q, we denote its residue lass
in K×/qk, k ∈ Z[1/p] as Φq(d) (Jaobi image) , and write
(9) a ≡ Φq(d) mod
×qp
−∞
If f(X/q) = f(X), then (7) gives
(10) degq(d) = 0 and Φq(d) ≡ 1
Conversely, if the above is satised then for any rational funtion with Divf = d we
have d = 0, a = q−k for some k ∈ Z[1/p]. Then g(X) dened below is q periodi and is
uniquely determined upto a fator in K×.
(11) g(X) = cXkf(X), c ∈ K×
Thus, the onditions in (10) are neessary and suÆient for d to be a divisor of a q periodi
funtion. The formulas in (20) expliitly give Jaobi image (of a q periodi divisor d) and
the degree. We have the Perfetoid-Abel-Jaobi Theorem [Roquette, 1970, pp 15℄:
3
Proposition 2.2. [Perfetoid-Abel-Jaobi Theorem℄ A q periodi funtion f has a q
periodi divisor d i it satises
(12) degq(d) = 0, Φq(d) ≡ 1 mod
×qp
−∞
with degree and Jaobi image Φq are given in (20). Furthermore, f is uniquely de-
termined by d upto a fator in K×.
The fundamental theta funtion for d gives an expliit formula for omputing the degree
and Jaobi image.
(13) Θ(X) =
∏
n>0
(
1−
qn
X
)∏
n<0
(
1− q−nX
)
, n ∈ Z[1/p]
The above funtion is a satises the funtional equation Θ(X/q) = −XΘ(X) whih follows
from the observation
(14)
Θ(X)
Θ(X/q)
=
(
1−
1
X
)
︸ ︷︷ ︸
n>0
·
n<0︷ ︸︸ ︷(
1
1− X
)
= −
1
X
Rewriting the funtional equation expliitly (15) observe that degree of Θ is one and
its multipliator is also one.
(15) Θ(X/q) = −XΘ(X)
For every α ∈ Kalg
×
dene
(16) Θα(X) = Θ(α
−1X)
whih is a q periodi funtion with multipliity one its funtional equation is
(17) Θα(q
−1X) = α−1(−X)Θα(X)
whih gives degree one and multipliator α. Set
(18) Θd =
∏
|q|<|α|61
Θeαmαα
where eα is the degree of inseparability of α over K and d = {mα} is a q periodi divisor
and Θd satises the funtional equation
(19)
Θd(X/q) = (−X)
dΘd(X)
where
d =
∑
|q|<|α|61
eαmα = degq d
a =
∏
|q|<|α|61
αeαmα ∼= Φq(d) mod
×qp
−∞
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The rationality onditions ensure that we an write the above in the form below with
prime denoting the onjugay lasses (with onjugate elements having the same absolute
value).
(20)
degqm =
′∑
|q|<|α|61
[K(α) : K]mα
Φq(d) ∼=
′∏
|q|<|α|61
NK(α)|K(α)
mα
mod
×qp
−∞
The perfetoid version of Corollary at [Roquette, 1970, pp 15℄
Corollary 2.3. For every α ∈ Kalg
×
there is a q periodi funtion f with ordα(f) = 1.
If β is not K onjugate of α mod ×qp
−∞
, then we an hoose f suh that ordβ(f) = 0.
Proof. Following (20) we onstrut divisor pα for elements onjugate to α
(21) degq pα = [K(α) : K], Φq(pα) ≡ NK(α)/K(α) mod
×qp
−∞
with ordα(f) = 1 (for all K-onjugates of α) and ordβ(f) = 0 by setting mα = 1 (thus,
there are no frational powers that need to be onsidered in the proof).
There are two ases to onsider either α ∈ K× or α /∈ K×, that is α ∈ Kalg
×
\K×.
Case 1: For α ∈ K× hoose elements u, v ∈ K× suh that α, uv, αu, v are all dierent
mod
×qp
−∞
. The divisor d
(22)
d = pα + puv − pαu − pv,
deg d = 0 and Φq(d) ≡
αuv
αuv
≡ 1 mod ×qp
−∞
Thus, d = Div(f) a q periodi funtion with ordα(f) = 1 and u, v an be so hosen that
uv, αu, v are all dierent from β mod ×qp
−∞
giving ordβ(f) = 0.
Case 2: Let α /∈ K× and d = [K(α) : K], a = NK(α)|K(α), u ∈ K
×, v = u1−da, then the
divisor
(23)
d = pα − (d − 1)pu − pv
deg d = 0 and Φq ≡
a
ud−1v
≡ 1 mod ×qp
−∞
.
Thus Divf = d with a f a q periodi funtion and by onstrution d has multipliity one
at α, and an appropriate hoie of u, v 6≡ β mod ×qp
−∞
gives ordβ(f) = 0.
Definition 2.4. The vetor spae of a q periodi divisor is denoted as
(24)
LK(q|d) := {q periodi funtions f suh that Div(f) > −d}
ℓk(q|d) := dimLK(q|d)
Remark 1. Proposition 2.2 helps give the dimension
(25) ℓk(q|d)
{
0 if degq d < 0
1 if degq d = 0
Note that in the perfetoid world deg ∈ Z[1/p].
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In order to prove the Riemann-Roh Theorem in the perfetoid, the orollary 2.3 has
to be reast for a perfetoid power 1/pi (i, p xed) in plae of 1.
Corollary 2.5. For every α ∈ Kalg
×
and hosen i, p there is a q periodi funtion f
with ordα(f) = 1/p
i
. If β is not K onjugate of α mod ×qp
−∞
, then we an hoose f
suh that ordβ(f) = 0.
Proof. Following 2.3 we onstrut divisor pα for elements onjugate to α
(26) degq pα = [K(α) : K] ·
1
pi
, Φq(pα) ≡ NK(α)/K(α)
1/pi
mod
×qp
−∞
with ordα(f) = 1/p
i
(for all K-onjugates of α) and ordβ(f) = 0 by setting mα = 1/p
i
(thus, there are frational powers that need to be onsidered in the proof). The divisor pα
has multipliity 1/pi at α.
There are two ases to onsider either α ∈ K× or α /∈ K×, that is α ∈ Kalg
×
\K×.
Case 1: For α ∈ K× hoose elements u, v ∈ K× suh that α, uv, αu, v are all dierent
mod
×qp
−∞
. The divisor d
(27)
d = pα + puv − pαu − pv,
deg d = 0 and Φq(d) ≡
αuv
αuv
≡ 1 mod ×qp
−∞
Thus, d = Div(f) a q periodi funtion with ordα(f) = 1 and u, v an be so hosen that
uv, αu, v are all dierent from β mod ×qp
−∞
giving ordβ(f) = 0.
Case 2: Let α /∈ K× and d = [K(α) : K], a = NK(α)|K(α)
1/pi , u ∈ K×, v = u1−da, then the
divisor
(28)
d = pα − (d − 1)pu − pv
deg d = 0 and Φq ≡
a
ud−1v
≡ 1 mod ×qp
−∞
.
Thus Divf = d with a f a q periodi funtion and by onstrution d has multipliity 1/pi
at α, and an appropriate hoie of u, v 6≡ β mod ×qp
−∞
gives ordβ(f) = 0.
2.1 Perfectoid Riemann-Roch
Let a divisor be 1[x1] + 2[x2] + 3/p
i[x3], this is rewritten as 1p
i/pi[x1] + 2p
i/pi[x2] +
3/pi[x3] and alled a divisor with denominator 1/p
i
. The Riemann-Roh theorem gives
the dimension ℓK(q|d) as the degree (×p
i
) of the divisor. Setting i = 0 gives the standard
ase as in [Roquette, 1970, Proposition 2, pp 16℄.
Theorem 2.6. If d is a q periodi divisor with denominator 1/pi (where i, p are xed)
and degq(d) > 0 then
(29) ℓK(q|d) = degq(d) · p
i
Proof. For degq(d) = 0 the result holds from Proposition 2.2, thus we may assume
d = degq(d) > 0 and use indution for the numerator of d. Start by hoosing element
a ∈ K×, a ≡ Φq(d) mod
×qp
−∞
, now hoose b 6≡ 1, a mod ×qp
−∞
suh that is d has
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multipliity zero at b. The divisor pb as onstruted in orollary 2.5 has multipliity 1/p
i
.
Notie the divisor
(30) d′ = d − pb where deg d
′ = (d − 1)/pi, Φq(d
′) ≡
a
b
6≡ 1 mod ×q−p
−∞
By indution ℓK(q|d
′) = d − 1. Consider the map f → f(b), the kernel of this map is the
spae LK(q|d
′) whih has value zero at b. Sine, we need one d as dimension we need to
show that there is an f ∈ LK(q|d) and f(b) 6= 0. Let
(31) Divf = z − d, hene z > 0
and z has multipliity zero at b. 2.2 requires to show
(32) degq(z) = d/p
i, Φq(z) ≡ a mod
×qp
−∞
whih is given by the divisor below
(33) z = pa + (d − 1)p1
where pa and p1 are as given in orollary 2.5(to transfer 1/p
i
) and b 6= 1, a mod ×q−p
−∞
as assumed above.
3 Perfectoid Tate Curve
Dene perfetoid Tate urve as T := Gm,K/ 〈q〉 with 0 < |q| < 1, and 〈q〉 is the subgroup of
K× generated by q. This is preisely the same as the denition in [Fresnel and van der Put, 2012,
pp 121℄. It is possible to dene the above as T := Gm,K/ 〈q〉 with frational powers for q,
that is modulo out with subgroup generated by qZ[1/p], but this will give us a dierent
model. In the standard model [Bosh, 2014, pp 220℄ the gluing is indued via multipliation
by q, if we go by the frational power ase we will have to onsider gluing indued by multi-
pliation by the vetor (q, q1/p, q1/p
2
, . . . , q1/p
i
, . . .), and dene admissible sets aording
to eah q1/p
i
. In order to simplify the situation we want to keep the same admissible sets
as the standard Tate Curve but put a dierent sheaf on it.
Let B(r1, r2) denote an annulus with inner radius r1 and outer radius r2, that is
|r1| 6 |r2|. Following denition 1.3.1 [Lutkebohmert, 2016, pp6℄ the ring orrespond-
ing B(r1, r2) is K 〈X/r2, r1/X〉. We an replae B(r1, r2) with B(r
1/p
1 , r
1/p
2 ) with orre-
sponding ring as K
〈
(X/r2)
1/p, (r1/X)
1/p
〉
, and use diret image sheaf to transfer the ring
K
〈
(X/r2)
1/p, (r1/X)
1/p
〉
to the disk B(r1, r2). Notie the inverse system below whih is
analogous to one given at [Lutkebohmert, 2016, pp16℄.
(34) · · · → B(r
1/p2
1 , r
1/p2
2 )
(·)p
−−→ B(r
1/p
1 , r
1/p
2 )
(·)p
−−→ B(r1, r2)
whih gives us a diret system (all maps are inlusion)
(35) · · · ← K
〈
(X/r2)
1/p2 , (r1/X)
1/p2
〉
← K
〈
(X/r2)
1/p, (r1/X)
1/p
〉
← K 〈X/r2, r1/X〉
Thus, we an onstrut inverse and diret limit of the systems above and all them per-
fetoid versions denoting them byB∞ and the orresponding ring as K 〈(X/r2)1/p∞ , (r1/X)1/p∞〉.
K 〈X/r2, r1/X〉∞ := K
〈
(X/r2)
1/p∞ , (r1/X)1/p∞
〉
= ∪i>0K
〈
(X/r2)
1/pi , (r1/X)
1/pi
〉
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Wewill not worry muh about limits, instead we diretly assoiate the ring K 〈X/r2, r1/X〉∞
to the disk B(r1, r2).
We will follow hapter 5 of [Fresnel and van der Put, 2012℄ and dene the open sets as
U0 = B(q, q
−1), U1 = B(q
2, q), U0,1,+ = B(q, q), U0,1,− = B(q
2, q2), U0+ = B(q
−1, q−1).
The orresponding rings are given below (with oeÆients tending to zero as n→∞).
Notie that we are losely following [Fresnel and van der Put, 2012, pp 122℄ replaing z
with X and π with q, and expliitly writing the onstants (and of ourse n ∈ Z[1/p]
instead of usual Z).
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(36)
O(U0) =
{
K 〈qX, q/X〉∞ or
∑
n>0
an(qX)
n + b0 +
∑
n>0
bn
(q
X
)n
with liman = 0, limbn = 0
}
O(U1) =
{
K
〈
X/q, q2/X
〉
∞ or
∑
n>0
cn
(
X
q
)n
+ c0 +
∑
n>0
dn
(
q2
X
)n
with lim cn = 0, limdn = 0
}
O(U0,1,+) =

K 〈X/q, q/X〉∞ or ∑
n>0
e′n
(
X
q
)n
+ e0 +
∑
n>0
e′′n
(q
X
)n
or
∑
n∈Z[1/p]
en
(
X
q
)n
with lim en = 0


O(U0,1,−) =

K 〈X/q2, q2/X〉∞ or ∑
n>0
f ′n
(
X
q2
)n
+ f0 +
∑
n>0
f ′′n
(
q2
X
)n
or
∑
n∈Z[1/p]
fn
(
X
q2
)n
with lim fn = 0


O(U0+) =

K 〈qX, 1/qX〉∞ or ∑
n>0
g ′n (qX)
n
+ g0 +
∑
n>0
g ′′n
(
1
qX
)n
or
∑
n∈Z[1/p]
gn (qX)
n
with limgn = 0


O(U0,1) = O(U0,1,+)⊕ O(U0,1,−)
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3.1 Gluing the Sets
The inner boundary of U0 is U0,1+ and outer boundary is U0+, and the outer boundary
of U1 is U0,1+ and inner boundary is U0,1,−. We an identify U0,1,− = B(q
2, q2) to
U0+ = B(q
−1, q−1) by multiplying with 1/q3. In terms of ring map O(U0+)→ O(U0,1,−)
the mapping is X 7→ X/q3( or qX 7→ X/q2).
(37) B(q2, q2) = U0,1,−
1/q3
−−−→ U0+ = B(q
−1, q−1)
The above gluing is neessary for identiation of rings in the Ceh omplex.
The mapping from O(U1) to O(U0,1,+)⊕O(U0,1,−) arries terms with oeÆient cn to
e′n and dn to f
′′
n, we rewrite this as (cn, dn) 7→ (e
′
n, f
′′
n). Similarly, we have the mapping
O(U0) to O(U0,1,+)⊕ O(U0+) = O(U0,1,−) where (an, bn) 7→ (g
′
n, e
′′
n) 7→ (f
′
n, e
′′
n).
O(U0) O(U0,1,+)
⊕ ⊕
O(U1) O(U0,1,−)
∑
n>0 an(qX)
n
∑
n>0 e
′
n
(
X
q
)n
+b0 +e0
+
∑
n>0 bn
(q
X
)n
+
∑
n>0 e
′′
n
(q
X
)n
⊕ ⊕
∑
n>0 cn
(
X
q
)n ∑
n>0 f
′
n
(
X
q2
)n
+c0 +f0
+
∑
n>0 dn
(
q2
X
)n
+
∑
n>0 f
′′
n
(
q2
X
)n
Figure 1: Restrition Maps: Sets restrited to their boundary
The

Ceh omplex is given as
(38)
O(U0)⊕ O(U1)
d
−→ O(U0,1,+)⊕ O(U0,1,−)
d1−→ 0
(an, bn)⊕ (cn, dn)
d
−→ (bn − cn, an − dn)
(e′′n − e
′
n, f
′
n − f
′′
n)
(K, 0)⊕ (K, 0)
d
−→ (0, 0)
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Notie that for b0 = c0 = onstant, the Kerd = 0. Hene we get the global setions
H0(OT ,Tp) = K.
(39)
O(U0)⊕ O(U1)
d
−→ O(U0,1,+)⊕ O(U0,1,−)
d1−→ 0
(e′n + e
′′
n ⊕ f
′
n + f
′′
n)
d1−→ (0, 0)
But, the above terms an be lifted to (bn,−cn, an,−dn) or (an, bn) ⊕ (−cn,−dn). We
now onsider the onstant terms (e0, f0), where e0 an be lifted to (b0− c0) but f0 annot
be lifted. Thus, we get dimKH
1(OT,Tp) = 1.
Theorem 3.1. The ohomology groups for perfetoid Tate Curve are given as
(40) Hi(OTp ,Tp) =
{
K for i = 0, 1
0 for i > 2
For some omputations we want d to be surjetive, whih an be aomplished by
multiplying O(U1) by (X−1) whih introdues the onstant term d−1 (in whih we absorb
−c0). This makes the map d onto in the following Ceh omplex.
(41)
O(U0)⊕ (X− 1)O(U1)
d
−→ O(U0,1,+)⊕ O(U0,1,−)
d1−→ 0
(K, 0)⊕ (0, K)
d
−→ (K,K)
In plae of (X−1) we an also use a fator Xn−1 where n ∈ Z[1/p] and work with onstant
term d−n.
4 Divisors on Tp
A divisor D on T is a nite formal nite sum of the form
(42) D =
s∑
i=1
ni[xi] where ni ∈ Z[1/p], xi ∈ T and degD =
∑
i
ni
A positive divisor has all ni > 0 and is denoted by D > 0. The sheaf of meromorphi
funtions(M(Ui)) are dened as the ring of quotients of O(Ui). A divisor of a non zero
meromorphi funtion f is dened as
(43) Div(f) =
∑
x∈T
ordxf[x]
Notie that a funtion f will only have a nite number of zeros and thus the Div(f)
will make sense and give a nite sum. Also, notie that O(U0) is not a PID, but a Bezout
domain. There exists a holomorphi funtion h0 on U0 suh that the divisor of h0 on U0
is D. This is possible beause we an rst work for the Tate ase and get a funtion h0 as
desribed on [Fresnel and van der Put, 2012, pp 124℄ and then replae integer powers with
desired frational powers. We dene the sheaf of divisors as
(44) L(D)(U) = {f ∈ M(U) suh that Div(f) > −D|U}
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For a positive divisor D we have a SES with Q a oherent sheaf with nite support
(skysraper sheaf).
(45) 0→ OT → L(D)→ Q → 0
We know that Hi(T,Q) = 0 for i > 1 and Hi(T,OTp) = 0 for i > 2. We get that
Hi(T,L(D)) = 0 for i > 2. Considering Euler Charaters for the SES of sheaves we get
χ(L(D)) = χ(OT) + χ(Q)(46)
Sine, χ(OT) = 0 (the zero and one dim are both 1 and anel out) we get χ(L(D)) = χ(Q).
We have proved the following
Theorem 4.1. For any perfetoid divisor on T we have the following
1. Hi(T,L(D)) = 0 for i > 2
2. dimH0(T,L(D)) − dimH1(T,L(D)) = dimH0(T,Q)
The Perfetoid Riemann Roh theorem 2.6 gives dimH0(T,Q) = degD ·pi for i, p xed
in the divisor D. This should be thought of as a simple hange of variable X1/p
i
7→ X.
Theorem 4.2. For any perfetoid divisor on T, H1(T,L(D)) = 0 for degD > 0.
The two theorems give dimH0(T,L(D)) = degD · pi, whih an be used to onstrut
perfetoid ellipti urves. The proof losely follows [Fresnel and van der Put, 2012, pp 125℄.
Proof. From theorem 4.1, there is a non zero meromorphi funtion f suh that Divf > −D
(for D > 0), and f provides isomorphism between line bundles L(D) and L( ~D) where
~D = D + Divf. Hene, it suÆes to work with any degD > 0. Let D > 1/pi[t] for any
t ∈ T and onsider the exat sequene
(47) 0→ L(1/pi[t])→ L(D)→ Q → 0
with Q a skysraper sheaf. Hene, it suÆes to onsider ase D = 1/pi[t]. Let a ∈ Gm,K be
the orresponding element to t ∈ T, and e orrespond to 1. Sine, ×a indues isomorphism
on T, there is an isomorphismbetween omplexesL(1/pi[e]) andL(1/pi[t]), hene onsider
the ase t = e, that is we an now work with fator (X−1). Now, onsider the Ceh omplex
(41) where it is shown that d is surjetive giving Hj(T ,L(1/pi[e])) = 0 for j > 1.
4.1 Perfectoid Elliptic Curves
The above an be used to onstrut spae of the form L(n[e]) and ome up with an
ellipti urve(s) (with λ1 6= 0) as given in [Fresnel and van der Put, 2012, pp 126℄ or in
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[Silverman, 2013b, pp 59℄.
(48)
Y2 + λ1X
3 + λ2XY + λ3X
2 + λ4Y + λ5X+ λ6 = 0 with i = 0
Y2/p + λ1X
3/p + λ2X
1/pY1/p + λ3X
2/p + λ4Y
1/p + λ5X
1/p + λ6 = 0 with i = 1
Y2/p
2
+ λ1X
3/p2 + λ2X
1/p2Y1/p
2
+ λ3X
2/p2 + λ4Y
1/p2 + λ5X
1/p2 + λ6 = 0 with i = 2
.
.
. =
.
.
.
.
.
.
5 Theta Function
The basi Theta funtion is desribed in (13) or [Fresnel and van der Put, 2012, pp 128℄ is
adapted to the perfetoid ase by setting n ∈ Z[1/p]
(49) Θ(X) =
∏
n>0
(
1−
qn
X
)∏
n>0
(1− qnX)
The orresponding divisor is
∑
n∈Z[1/p][q
n] with funtional equation Θ(X/q) = −XΘ(X).
In partiular for a divisor D =
∑
i ni[xi] with ni ∈ Z[1/p], one denes ΘD =
∏
iΘ
ni
xi
with
divisor as
∑
i,n∈Z[1/p] ni[q
nxi]. This an be used to prove that the following sequene
(orresponding to Proposition 5.1.7 [Fresnel and van der Put, 2012, pp 128℄) is exat for K
perfetoid
(50) 0→ K× → M(T)
div
−−→ Div(T)→ Z[1/p]× T → 0
6 Weierstraß Equations
The Weierstra series is given as
(51)
℘(X) =
∑
n∈Z[1/p]
qnX
(1− qnX)2
d
dX
qnX
(1− qnX)2
=
qn + q2nX
(1− qnX)3
℘ ′(X) =
1
2
(
X
d
dX
℘(X) − ℘(X)
)
=
∑
n∈Z[1/p]
q2nX2
(1− qnX)3
The bijetive map Z[1/p] → Z[1/p] given by n 7→ n − 1 shows that ℘(q−1X) = ℘(X)
and ℘ ′(q−1X) = ℘ ′(X). The only problem is that the above series might not even onverge
for n ∈ Z[1/p], although it onverges for n ∈ Z. Hene, the equation of the form (52) does
not hold muh meaning.
(52) ℘ ′2 + ℘℘ ′ = ℘3 +A℘2 + B℘ + C A,B,C ∈ K
But, we an still interpret the above as the sum of all ellipti urves as given in (48),
where the orrespondene is given by hoosing q1/p
i
. For i = 0 in ℘ we get the standard
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urve, for i = 1 or q1/p we get the urve with powers 1/p. For i = 2 we get the urve for
i = 2 or q1/p
2
and so on.
Further work an be arried out by extending results in [Silverman, 2013a, Chapter V,
x3-4℄ to the perfetoid ase by setting q ∈ Z[1/p].
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